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1. INTRODUCTION 
Let Qk denote the set of kth powers of nonnegative integers, and P, the 
set of kth powers of prime numbers. We write 
P= P, = {primes}, Q = Q2 = .( squares 1.. 
Our aim is to investigate the additive impact of these sets, that is, to find 
estimates for the density of the sum-sets A + Qk and A + P,, if the density 
of A is given. Our principal result is the following. 
THEOREM. Let A be a set of positive integers with u positive lobcer 
density. Write K = l/d(A). We have 
d(A+Qk)~d(A+P,)~K-“~‘““‘“g” (1.1 I 
with a positive constant c depending on k. On the other hand,,fbr every K > 3 
there is a set A such that 
d(A) = l/K, d(A+P,)6d(A+Qk)<K-C‘.“og’ogK. 
cohere C is another constant depending on k. 
(1.2) 
Investigations of this kind started in the 1930’s, and mostly involved the 
Schnirelmann density rather than the asymptotic one. The early history of 
the subject is comprehensively treated in Halberstam and Roth’s book [ 11. 
Let us mention some of the more recent developments. 
Pliinnecke [3] developed a method to study the density of sets A + H, 
where H= {h,, h,, . ..> and the sequence h, is “regular,” say a polynomial 
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of n (but other functions like [n’ log n] can also be treated). His method 
works equally for Schnirelmann and asymptotic density, and yields the 
same results, up to a multiplicative constant, with a better constant in the 
asymptotic case. This is no surprise, since by another result of Pliinnecke 
the asymptotic impact is always greater. To formulate this exactly, we 
define the asymptotic impact function of a set H as 
FH(x) = {inf d(A + H): d(A) 2 x}, 
and the Schnirelmann impact function as 
fH(x) = {inf a(A + H): a(A) ax}, 
where a(A) is the Schnirelmann density of the set A. Now, according to 
Theorem 41 of Pliinnecke [4, p. 831, we have 
F,(x) >fH(X) (1.3) 
for every set H and x E (0, 1). 
In particular, for the set of squares the general theorem of Pliinnecke 
yields 
a(A + Q) B a(A)“*. (1.4) 
which is the optimal order of magnitude. For cubes we obtain 
a(A + Q3) % a(A)“? (1.5) 
while the optimal exponent is probably 2/3. In general, it is easy to see that 
(1.6) 
and I conjecture that this is the real order of magnitude. 
In [S], Pliinnecke estimates the impact function of bases. His main 
result is that 
o(A+H)>~(A)‘-“~ (1.7) 
whenever H is a basis of order h. To apply this result for Qk, we need a 
result on Waring’s problem and our exponent will be 1 - l/G(k). 
With Pliinnecke’s method one can obtain a sharper result. The assump- 
tion that H is a basis of order h can namely be relaxed to the following 
one: 
(*) the sum-set H + ... + H (h terms) has a positive (lower 
asymptotic density. 
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This leads to an exponent 1 - l/g*(k), where g*(k) is the smallest integer 
h such that H= Qk satisfies (*). For cubes this gives the exponent 3/4, an 
improvement over (1.5) but still not the conjectured Z/3. For general k, one 
has 
g*(k) d g(k) 4 k log k. 
This leads to an estimate 
(1.8) 
the best possible exponent is probably 1 - l/k. 
The asymptotic density drew considerably less attention. (1.3) shows that 
the asymptotic impact is always greater than the Schnirelmann impact; in 
the case of powers it is much greater, as a comparison of ( 1.1) and (1.6) 
shows. 
In [6] I introduced an elementary method for the study of additive 
impact and applied it to the sets P and Q. Among others, the case k = 2 of 
the Theorem above is proved, even in a sharper form (with the optimal 
value C = log 2 + E). This method, however, made heavy use of the fact that 
the sequence considered (Q and P, respectively) has at least c fi elements 
up to x, and was not adaptable for higher powers. The present paper 
applies a variant of the classical Hardy-Littlewood method. It can be 
adapted to treat the Schnirelmann density, but the results will not be 
essentially sharper than (1.8); only the value of the constant c can be 
slightly improved. 
2. UPPER ESTIMATE 
We show the upper estimate from the Theorem, that is, Inequality (1.2). 
Let A consist of the multiples of some number m < K. In this case we 
have d(A) = l/m 2 K; d(A) = K can be achieved by taking a subsequence. 
A + Qk will consist of the union of those residue classes a (mod m) for 
which a is a kth power residue of m. 
Let m = pI p2.. .p, be the product of the first Y primes p = 1 (mod k), 
where r is the largest possible number for which m < K holds. The number 
of kth power residues is 
q1.q; 
74 IMRE Z. RUZSA 
therefore we have 
d(R+Q,)=k-V7(1+?) 
z k - (log m  )/log log m  z K- (log k )/log log K 
where the sign z means a logarithmic asymptotic equality, that is, x z y 
if log x - log y. 
This proves (1.2) with the choice C = log k - E. 
3. ADDITIVE IMPACT, TRIGONOMETRIC SERIES, AND MINOR ARCS 
First we estimate the additive impact in terms of a certain integral with 
trigonometric series and then estimate this series in the classical way, 
separately for minor and major arcs. 
3.1. LEMMA. Let A, H be finite sets of integers, 
f(x)= 1 e(ax) and g(x)= C ch4hx) 
U6A heH 
with arbitrary coefficients ch. We have 
IA + HI 3 IAl2 lg(0)12 (j-’ If(x) g(x)12 dx)-‘. 
0 
Prooj Put A + H = T. We have 
f(x) g(x)= 1 44tx) 
re7 
with certain coeffkients d,. By applying the inequality of the arithmetic and 
square mean and Parseval’s formula we find 
IAl* MW*= If(o) g(W*= 14 ' 
I I 
<ITI 1 Id,12= ITI Jo1 If(x) dx)12dx. I 
Now let A be the infinite set of the Theorem, d(A) = l/K, and put 
T= A + Pk. We shall always use A(N), T(N), etc., to denote the counting 
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functions of these sets, that is, the number of elements in A or T up to N. 
Our aim is to estimate T(N). Let M< N/2, 
fb) = c eta-u), 
a‘sA,u<M 
g(x)=M-’ C pk-‘(logp)e(pkx). 
PA c A4 
(3.2) 
(3.3) 
Applying Lemma 3.1 to the sets A *=An[l,M] and H=P,n[l,M] we 
obtain 
1 
T(N)>IA*+HI>(l+o(l))A(M)’ j’ if(x)g(-~)/2d~~~ 3 (3.4) 
0 
taking into account that g(0) -+ 1 as N -+ co. 
Let A(M) = M/L; L < (1 + o( 1 ))K as M -+ co. We obviously have 
i 
’ If( dx= IA*J = M/L. (3.5) 
0 
This is an obvious estimate for the integral j If(x) g(x)12 dx. To prove the 
Theorem we have to improve this estimate as follows: 
[’ If(x) g(x)12dx~ML~2+C!‘op’ogL. 
JO 
Fortunately g(x) is small for almost all values of x, with the exception 
of certain small neighbourhoods of rational numbers with a small 
denominator, the so called “major arcs.” This follows from a celebrated 
theorem of Vinogradov [7], which we quote in a weaker, ineffective form. 
3.7. LEMMA. For every positive E there are numbers MO and Z such that 
the function g(x) defined in (3.3) satisfies /g(x)1 <E if M> MO, except $ 
there is a raiional number b/q such that 
q < z lx-b/q1 <Z/M. (3.8) 
Hence if we choose E = l/L, then only the contribution of numbers of the 
form (3.8) will be important (these will be our major arcs); the rest give 
only O(M/L*), which can be neglected. 
In the subsequent sections we shall study the behaviour of,f(x) and g(x) 
on the major arcs in detail. 
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4. THE SERIES OVER PRIMES IN THE MAJOR ARCS 
We are going to estimate the function g(x) defined in the previous 
section near the rational numbers. 
4.1. LEMMA. Let x = b/q + /?, (6, q) = 1. We haoe 
R(b, 4) g(x)=----- 
(P(4) 
F(8)+O(e-c~(l+MIBI)), 
where 
R(b, q) = 1 4btk/q), 
tmodq 
(f.9)= 1 
F(S)=M-’ C e(nB), 
n<M 
(4.2) 
(4.3) 
(4.4) 
and the constant in the 0 depends on q. 
This follows immediately from the prime number theorem by a partial 
summation. 
In general, we are unable to compute R(b, q) exactly if k > 2; we shall 
find only an upper estimate for its module. 
4.5. LEMMA. For arbitrary q and b, (b, q) = 1, we have 
(4.6) 
the constant C depends only on k. 
Proof A weaker form of this estimate in the form O(q1/2+E) can be 
found in Hua [2, Lemma 8.51. Following the steps of this proof one can 
find 
IR(b, q)l G CY’q’ ,,% (4.7) 
where o(q) is the number of prime divisors of q (counted without multi- 
plicity) and C1 is a constant depending on k. (4.6) follows from (4.7) and 
the well known estimate 
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~.~(x)oN THE MAJOR ARCS 
Of course, we are unable to calculate or estimate nontrivially the func- 
tionf(x) that depends on the unknown set A at any prescribed point x, but 
we shall find a good estimate for a certain average over the major arcs. 
5.1. LEMMA. Let AC [l, M] be a set of integers, IAl bL>, 
max(3, M/IAI). Put 
f(x)= 1 e(ax), 
USA 
F(x)=Mpl C e(nx). 
lI<MI 
For every positive E with a suitable constant c, we have 
1 4-l i j’If(blq+4F(x)l*~x 
q=zL b=l o 
Gc, IAl* M-lL(log*+&)/loglogL. (5.2) 
Proof By definition we have 
If(blq+x)J-(x)l* 
b 
(a-a’)-+(a-a’+n-H’)X 
4 
where a, a’ E A, n, n’ E [ 1, M]. Integrating we find 
I =,+I-* C e((a-a’) b/q) # {(n, n’):a-a’+n-n’=O) n.a’ 
=M-* 1 e((a-a’) b/q)(M- la-~‘1). 
a,a’ 
Summing a single term for b = 1, . . . . q, the result will be q or 0, depending 
on whether q 1 a - a’ or not. Hence 
GM-’ # {(a,u’):a,a’~A,a=a’(modq)}. 
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Summing this for q < L we obtain 
c GM-’ Y a.a’e A 
where zL(n) denotes the number of divisors of n up to L. 
To estimate this sum we need a lemma. 
5.3. LEMMA. Let Bc [l, y] be a set of integers, IBI 2 y/L, La 3. For 
every positive E there is a constant c, > 0 such that for every B, y, L we have 
blEB TL(b) <c, IBI L (log 2 +&)/log log L (5.4) 
Let us assume this lemma and advance with the proof of Lemma 5.1. 
The contribution of pairs with a = a’ to the sum is L IAJ. For any given 
a, the contribution of terms with this a and a’ #a can be estimated 
applying Lemma 5.2, and the bound will be 
ce IAI L (log 2 +&)/log log L 
This yields Lemma 5.1. 1 
Remark. We chose the weight F(x) because it appears in the 
approximation of g(x); we could find a similar estimate for different 
weights. 
The use of the weights l/q seems to be natural. Perhaps with other 
weights that reflect the behaviour of R(b, q) more exactly one could 
improve the value of C in the Theorem. 
Proof of Lemma 5.3. A proof appeared in [6]. This was, however, 
unnecessarily complicated. A simple and elegant proof was given by 
A. Balog, which we repeat here. 
By the power-mean inequality we have 
IBI -’ 1 TL(b)< IBI -“JC 
bsB 
(& TLqk. (5.5) 
We shall show the following inequality for every pair of integers L and k: 
c z,(n)k< y(1 +log L)% (5.6) 
n < 4’ 
(5.4) will follow from (5.5) and (5.6) with the choice 
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To prove (5.6) we use induction. It is obviously correct for k = 0. If it 
holds for a certain k, then by a partial summation we have 
For the inductive step we apply the inequality 
TL(mn)dtL(m) tL(n), 
valid for every m and n. Now we argue as follows: 
= c 1 TL(dmjk d=i m<.rJrl 
L 
G C TL(dlk 1 .sL(mjk 
d=l m < K/d 
d ,f r,(d)‘$(l +logL)z’-’ 
d=l 
d y(log L)lk + 2k -- ‘. 1 
6. COMPLETION OF THE PROOF 
Let A be an infinite set, d(A) = l/K, T= A + Pk. We want to estimate 
T(N); put M = N/2 and 
.fb)= c &-XL (6.1) 
oeA,a<M 
g(x)=M-’ 1 pkp’(logp)e(pkx). (6.2) PL<M 
By (3.4) we have 
T(N) 2 (1 + o(l)) A(M)’ s,’ If(x) g(x)l* dx 
~1 
(6.3) 
Put L = M/A(M). We know that 
I ; lf(x)12dx= IAl =&f/L. (6.4) 
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We want to show that 
s ; If(x) g(x)12dx~ML-2+="og'ogL. (6.5) 
Let us apply Lemma 3.7 with E = l/L. We obtain Ig(x)l < l/L, unless 
x E p(q) for some integer q < Z, where 
P(4) = {x: Ix - WA < Z/M for some integer b, 0 6 b < q, (b, q) = 1 }. 
Now if x E p(q) and L < q < Z, then by Lemmas 4.1 and 4.5 we have 
I&)1 4 L- l/2 + C/log log L. 3 
thus the integral of If(x) g(x)/* outside the sets p(q), q < L is, by (6.4), 
&tfL- 2 + C/log log L 
(C may have a different value in the formulas). 
Consider now the sets ,u(q), q < L (the major arcs). With the notation 
x = b/q + B we find by Lemmas 4.1 and 4.5 (applying the well known 
estimate (p(q) 9 q/log log q) 
Ig(x)l’< q-lLCflOglogL IF(/3)I’+ o(l), 
the o( 1) is meant as A4 -+ co. Consequently we have 
c j IfbMx)12 dx 
q<L P(4) 
< o(M) + Lc/‘og 1% L ,$-’ i j-l lf(&+x)f’(x)12~x 
b=l 0 
< (AI2 M-ILc/h3lOgL 
by Lemma 5.1. This completes the proof of (6.5), which by (6.3), taking 
into account that L > K/2 for large M, implies the desired inequality 
T(N) 9 NK - “lOg log K. 
7. CONCLUDING REMARKS 
For the value of c we found c = log(k - E). We did not calculate C; the 
best value I can get is C = log(k2 - 2k + E) for k > k,(e). I guess that the 
value of c is exact, and the proper value of C should be log(k + E). 
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One would expect that it is easier to treat all integers than the primes. 
I think our case is different; if we did not know the primes, we should have 
to invent them. The value of the sum R(b, q) (see 4.3)) over residues 
coprime to q is namely considerably smaller than the corresponding sum 
over all residue classes if q is “powerfull” (contains many higher powers of 
primes). This is because we have R(b, p’) = 0 for j> 2, p j k, but for all 
integers the residue class 0 gives a main term of size p”’ ~ ‘/‘I. On the other 
hand, if we did not have Vinogradov’s estimate or the prime number 
theorem, we still could handle this problem by using a sort of quasi-primes, 
say integers n free from prime factors p < log log n. For this set the 
analogues of Lemmas 3.7 and 4.1 can be proved elementarily. 
To treat Schnirelmann density, one needs an effective estimate for the 
minor arcs, and the known ones are not strong enough to improve (1.8). 
Or perhaps it is more correct to say that ,our methods are not advanced 
enough to make use of these estimates, since a better estimate for the minor 
arcs would also yield a better value of g(k) and hence a better result for the 
additive impact through an application of Phinnecke’s inequality ( 1.7 ). 
To generalize the theorem to values of other polynomials J‘(n) seems to 
entail some difficulties in both directions. 
To generalize the method of Section 2 to find an upper estimate, one 
needs to know the following: 
there are many primes p such that the number of different 
values of f(n) (mod p) is less than (1 - c) p. 
This may be known, but I could not find or prove it. Recently G. Hal&z 
told me a proof of this assertion with c = l/k. I would appreciate any 
further comment. 
In the other directions, one needs an estimate for the sum 
For prime values of q, a celebrated theorem of Weil [8] supplies us the 
necessary estimate. For prime powers, one needs an analogue of primality 
(for n); the proper way seems to be to omit every residue class b (mod p), 
for every prime p up to a limit, such that f”(b) z 0 (mod p). For some 
(finitely many) primes p this may, however, contain every residue class and 
then we get the empty set. 
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